SPECTRAL GAP AND COERCIVITY ESTIMATES FOR 
LINEARIZED BOLTZMANN COLLISION OPERATORS WITHOUT 

ANGULAR CUTOFF 



CLEMENT MOUHOT & ROBERT M. STRAIN 



Abstract. In this paper we prove new constructive coercivity estimates for the 
Bohzmann cohision operator without cutoff, that is for long-range interactions. In 
particular we give a generahzed sufficient condition for the existence of a spectral 
gap which involves both the growth behavior of the collision kernel at large relative 
velocities and its singular behavior at grazing and frontal collisions. It provides in 
particular existence of a spectral gap and estimates on it for interactions deriving 
from the hard potentials (j){r) = r~^*~^\ s > 5 or the so-called moderately soft 
potentials <j){r) — r^^'^^^\ 3 < s < 5, (without angular cutoff). In particular this 
paper recovers (by constructive means), improves and extends previous results of 
Pao We also obtain constructive coercivity estimates for the Landau collision 
operator for the optimal coercivity norm pointed out in |34j and we formulate a 
conjecture about a unified necessary and sufficient condition for the existence of 
a spectral gap for Boltzmann and Landau linearized collision operators. 
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2 clement mouhot & robert m. strain 

1. Introduction 

This paper deals with the question of spectral gap and coercivity estimates for the 
Boltzmann and Landau integro-differential collision operators. This is motivated 
by the question of obtaining explicit constant in the recent new energy methods 
inPllMlESESlEZlllIlllHlllSlliniEni- The starting points are the recent new 
constructive tools of works ^HIH]. As we shall explain this work recovers, improves, 
makes explicit and clarifies the works of Pao three decades ago. Before entering 
into the details, let us introduce the mathematical objects. 

1.1. The Boltzmann equation. The Boltzmann equation (Cf. pTl ll9j) describes 
the behavior of a dilute gas when the only interactions taken into account are binary 
collisions. It reads in some space domain Q C M^: 

(1.1) ^ + v-VJ = QB{f,f), xen, veR^, t>0, 

where > 2 is the dimension. In equation ()l.ip . Q is the quadratic Boltzmann 
collision operator, defined by 

QB{f,f)= [ - f{v) f{v,)] B{\v - v,\,cose) dv^da 

in the so-called "a-representation" (see [33 Chapter 1, Section 4.6]. In this repre- 
sentation the parametrization of the collision is 

, v + v^ \v-v^\ , v + v^ \v-v^\ 

V = cr, = cr, a eb 

2 2 2 2 

and the deviation angle is defined by cos 6* = {v'^ — v') ■ (f* — v)/\v^ — f p. Up to a 
jacobian factor 2^-^ sin^-2(^/2) (see again Chapter 1, Section 4.6]), one can 
also define the alternative so-called "tu-representation" 

QbUJ) = [ [fiv')fiv:)-fiv)fiv,)]2''-' sm''-\e/2)Bi\v-v4,cose)dv,duj 

with the formula 

v' = V + ((f* — v) ■ LU) LU, v'^ = — ((f* — v) ■ Uj)uJ, LU E S^""^. 

Remark that this operator is local in x, and therefore all its functional study in the 
sequel shall be done with no space variable x. 

Boltzmann's collision operator has the fundamental properties of conserving mass, 
momentum and energy 

QB{fJ)mdv = 0, (P{v) = l,v,\v\' 
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and satisfies well-known Boltzmann's H theorem 

/ f\ogfdv = -[ Q{fj)\og{f)dv>0. 

The functional — J f log / is the entropy of the solution. Boltzmann's H theorem 
implies that at some point x e f2, any equilibrium distribution function, i.e., any 
function which is a maximum of the entropy, has the form of a locally Maxwellian 
distribution 

(1.2) M{p,u,T){v) = —^-^exp'^ 



(27rr)^/2 ^ V 2r 

where p, u, T are the density, mean velocity and temperature of the gas at the point 
X, defined by 

(1.3) p= I f{v)dv, u = - I vf{v)dv, T = ^l \u - v]"^ f{v) dv. 

Jrn P Jrn ivp JjRjv 

For further details on the physical background and derivation of the Boltzmann 
equation we refer to [T71 Hn] and ■ 

We consider collision kernels of the form 

(1.4) B{\v-v^\,cos9) = \v-v,\'^b{cos9), 7 e (-A^, +cx)) 
with 

(1.5) 6(cos^) ~e~o b*i9) (sin 0/2)"^^"'^"°, a E [0,2), 

where b*{d) is non- negative, bounded and non-zero near 6' ~ 0. When a > the 
angular singularity is not integrable, the operator is said to be non-cutoff. 

An important remark on the quadratic collision operator is: by using the change 
of variable a —o (which changes Q into n — 6) one can replace b by 

b{cose) = ^ lee[o,7r/2] [bicosO) + 6(cos(7r - 9))] 

(where 1e denotes the usual characteristic function of a set E. Therefore we shall 
consider without restriction in the sequel that b satisfies the singularity condi- 
tion ()1.5|) above, and is on [tt/2,7i]. 

For particles interacting according to some spherical repulsive potential 

0(r) =r-(^-i), sG[2,+oo), 

the collision kernel is not explicit but it can be shown that for the dimension = 3, 
B satisfies ((131) with 7 = (s - 5)/(s - 1) and (HSl) with a = 2/{s - 1) (see for 
instance JTl ^1 |3]). Therefore as a convention one shall speak in ()1.4|) of hard 
potentials when s > 5, maxwellian potential when s = 5, soft potentials when 2 < 
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s < 5. Moreover among soft potentials we shall denote by moderately soft potentials 
the case when 3 < s < 0. 

Let us mention also for the sake of completeness that in the case of contact inter- 
actions (the so-called hard spheres model), the collision kernel is locally integrable 
and explicit: it takes the form (in dimension = 3) -8(1^ — cos6') = jt; — f,,,! (up 
to a normalization constant). 

1.2. Linearized Boltzmann collision operator. We denote by 

f, = ^i{v) := (27r)-^/Vl^l'/2 

the normalized unique equilibrium with mass 1, momentum and temperature 1. 
We consider fluctuations around this equilibrium of the form 

which results the following linearized collision operator (note the sign convention): 

LBig) = [Qe(/i,//2^) + gB(//'^?,/i)] . 

For the sake of simplification we shall always consider in the sequel the linearized 
collision operator around this normalized equilibrium. This is no restriction: a 
detailed discussion of the dependence of the spectral gap and coercivity estimates 
on this operator in terms of the mass, mean velocity and temperature can be found 
in mj. 

It is well-known (see for instance) that (acting in the velocity space) is an 
unbounded symmetric operator on L^, such that its Dirichlet form satisfies 

Dtsig) := {Lsg,g)>0, 

and that D]g{g) = if and only if = Pf? where 

= [a + b ■ V + c\v\^) /i^/^ 

(with a, c G M and h G M^) is the orthogonal projection onto the space of the 
so-called "collisional invariants" 

Span{/ii/2, v^^^^'\ . . . , VN^^''\ |^| V'^'}- 

1.3. The Landau equation. The Landau equation was written by Landau in 1936 
( |42j ) . It is similar to the Boltzmann equation (jl.lj) but with a different collision 
operator Qc- Indeed in the case of long-distance interactions, collisions occur mostly 
for very small 9. When all collisions become concentrated on 6' = 0, one obtains by 
the so-called grazing collision limit asymptotic (see for instance jTUl HH 123 1121 HI 
for a detailed discussion) the Landau collision operator 

(1.6) Qc{fJ) = V-([ Bi{v-v,)[MVf)-f{VfUdvX 
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where V = (5^,^, . . . ,5^^), / = /(f), /* = /(f*) etc. The non-negative symmetric 
N X N matrix a = a{z) is 



This operator is used for instance in plasma physics in the case of a Coulomb po- 
tential where $(1^1) = l-z]"^ in dimension = 3 (for more details see Chapter 1, 
Section 1.7] and the references therein). Indeed let us mention that for Coulomb 
interactions the Boltzmann collision operator does not make sense anymore (see 
Annex I, Appendix]). By analogy with the Boltzmann's case, and even if the phys- 
ical meaning of such collision kernel is not clear for the Landau collision operator, 
one shall speak of hard potentials when 7 > 0, maxwellian potentials when 7 = 0, 
and soft potentials when 7 < 0. Moreover among soft potentials we shall denote by 
moderately soft potentials the case when — 2 < 7 < 0. 

1.4. Linearized Landau collision operator. Consider again fluctuation around 
the equilibrium of the form 



It was proved in [SH EHl 1201 that that Lc (acting on the velocity space) is an 
unbounded symmetric operator on L^, such that its Dirichlet form satisfies 



and Dc{g) = if and only ii g = Pg. 

1.5. Previous results and motivations. The study of spectral gap estimates for 
the linearized Boltzmann and Landau collision operators has a long history, see 
for instance |3Hl EH US EH EH 13 113 and we refer to dH E] for a more 
detailed discussion of it. Let us just emphasize some references directly related 
to this paper. For linearized Boltzmann collision operators with locally integrable 
collision kernel (which is satisfied for instance under the so-called Grad's angular 
cutoff) , the existence of a spectral gap is equivalent to 7 > (see [321 UH UH] for 
non-constructive proofs). The question of obtaining polynomial or exponential rate 
of relaxation of the form 0{e~^^'^) for < /? < 1 and for soft potentials with cutoff 
was studied in O ED EHl EH] , and explicit spectral gap and generalized coercivity 
estimates were obtained in [TT| 1^ . 

For the sake of completeness let us also mention that Cercignani introduced an 
alternative "potential cutoff" to Grad's angular cutoff in [IB^ for which results on 
the spectrum of the linearized collision operator were obtained in 



(1.7) 





Leg = -/X-'/' [Qc{fi,fi'^'g) + Qc{fi'^'g,fi)] . 



Dc{g) ■.= {Lcg,g)>0 
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While the cutoff theory of the linearized collision operator (without space variable) 
is quite developed, for non locally integrable collision kernels, there are quite few 
works. First for the Boltzmann collision operator at the linearized level there are 
essentially the two papers by Pao [IE]: he proved that the resolvent is compact for 
inverse power-laws interaction potentials with s > 3 (in our notation). His proof 
was using tools from pseudo-differential operators theory: the idea was to compute 
the symbol of the linearized operator Lg, and then to search for adequate condition 
for + C (for some constant C > 0) to be invertible with compact inverse, by 
reducing to the Maxwell case and decomposing along spherical harmonics. This 
fundamental work was critically reviewed in particular for the use of techniques 
from pseudo-differential operator theory in pT)] . 

The critics of jlU] on jlHI; together with the fact that the proof in [IHl was highly 
technical, were probably the reasons for which the results in j4Q were not consid- 
ered as completely reliable, and this paper was somehow forgotten in the following 
decades. 

One of our goal in this work is to clarify the discussion about the validity of the 
results jin], by recovering and improving strongly these results. Moreover we replace 
the question treated in |46j into the unified framework of quantitative coercivity 
estimates for the linearized collision operators, which is related to the works 
(for the Landau collision operator at the linearized level, let us mention the key 
works [201 ini] and the approach developed in [H] which shall be used here). A 
general motivation for this framework is to provide explicit rate of convergence to 
equilibrium in the energy methods which have emerged recently in the collisional 
kinetic theory: see|S3EllE3ISniEIlllZlllHlll3liniEni- 

At the non-linear level, let us mention some breakthroughs related to non-cutoff 
interactions: in the spatially homogeneous Cauchy theory: jHl I2H1 1121 EOj, in 
the grazing collision limit from Boltzmann to Landau equation: fOl |221 1^ , in the 
parabolic-like regularizing property in the velocity variable: (231 1211 1211 HH 1131 Hj , 
in the construction of renormalized solutions (in the spirit of j2Z|): IHllZj- 

In the spirit of the method of Pao, a systematic approach by Fourier transform and 
pseudo-differential operators for the study of linear and non-linear Boltzmann non- 
cutoff collision operators has been developed by Alexandre [HElllj. The applications 
of this technical tools are not clear at now, but they seem to have contributed to 
the understanding of the Boltzmann equation in two ways: in the development of 
a renormalization process adapted to the non-cutoff case ([21 El), and by providing 
some sharp estimates from above on the collision operator. 

1.6. Main theorems. First we state our coercivity results for the linearized Boltz- 
mann collision operator: 

Theorem 1.1. Let B be a collision kernel satisfying (|i.^pi.5)) . Then 
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For any e > there is a constant CB,e, constructive from our proof and 
depending on B and e, such that the Dirichlet form Dq of the linearized 
Boltzmann collision operator associated to B satisfies 

|2N(7+a-e)/4| 



Drs{g)>CBA[9-'P9]{l + \v\ 



|2 
Il2 



There is a constant Cb,o (obtained by non- constructive means in our proof ) 
such that 



DM>CB,o\\[g-Pg]ii 



|2n(7+q)/4 



i2 
IL2 



Second we state the constructive version of the coercivity result in 
hnearized Landau colhsion operator: 



for the 



Theorem 1.2. Let 7 G [— A^, +00). Then there is some constant C^, constructive 
from our proof and depending on'-/, such that the Dirichlet form D c of the associated 
linearized Landau collision operator satisfies: 



'7 



where 



Dcig) > C. 

a is the following anisotropic norm 

2 

L2 



[g-Pc 



'1 



\v 



+ 



^l+|^|2)(7+2)/4 [J_n,]V„^7 



+ 



;i + H^) 



2n(7+2)/4 



L2 



with 



U^Vvg 



■ ^vg 



V 

If I 



1.7. Consequences on the spectrum. In a previous paper the first author has 
proved: 

Theorem 1.3 ([44"). Let B be a collision kernel satisfying with a > 0. 

Then there is a constant Cb (constructive from the proof and depending on B) such 
that the Dirichlet form of the linearized Boltzmann collision operator associated 
to B satisfies 



Ds{g)>CB\\[g-Pg]\ 



H 



a/2 

loc 



Therefore as soon as 7 + a > and a > it is straightforward by gathering 
Theorems 11.11 and 11.31 that the resolvent of is compact and so that the spectrum 
is purely discrete and the eigenvectors basis is complete in L^. In dimension = 
3 for interactions deriving from inverse-power laws potentials (/)(r) = r~(*~^\ the 
corresponding condition on s is: (s — 5)/(s — 1) + 2/(s — 1) > 0, that is s > 3. 
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Hence we can recover completely the results of Pao jlH] , by constructive means and 
without tools of pseudo-differential operators. 

Moreover Theorem 11.11 vields the first estimates on this spectral gap in the case 
7 + a > and answers to the question of the existence of a spectral gap in the limit 
case 7 + a = 0. 

For the linearized Landau collision operator, it had been already shown in 
that 

C,\\[g-Pg]\\l<Dc{9)<C,\\[g-Pg]\\l 

by non-constructive means (in fact the constant C2 could be made explicit from 
the proof whereas the constant Ci was obtained by a compactness argument). This 
implies straightforwardly that the resolvent is compact as soon as 7 > —2 (which 
implies in this case that the spectrum is purely discrete and the eigenvectors basis 
is complete in L^). Moreover spectral gap exists if and only if 7 > —2. 

In this context, Theorem II . 21 provides the first estimates on it for this whole region 
(as well as an explicit version of the coercivity estimate). 

1.8. Conjecture and perspectives. For the linearized Boltzmann collision op- 
erator with angular cutoff, the existence of a spectral gap is equivalent to 7 > 
(see jS21 UH HSi)- This situation can be loosely thought of as part of the limit case 
"a = 0". For the linearized Landau collision operator, the existence of a spectral 
gap is equivalent to 7 > — 2 as discussed above. This situation can be thought of as 
the limit case "a = 2" . 

From the necessary and sufficient condition in these two limit cases, and the 
sufficient condition of Theorem 11.11 in the intermediate cases, it is natural to state 
the following conjecture: 

Conjecture. Let B be a collision kernel satisfying ^1.4^1.^) with 7 G (— A^, +00) 
and a G [0,2). Then the linearized Boltzmann collision operator associated to B 
admits a spectral gap if and only if 'j + a > 0. Moreover this statement is still valid 
if one includes formally the case of angular cutoff in "a = and add the linearized 
Landau collision operator as the limit case "a = 2". 

Let us remark that in the limit cases of the linearized Boltzmann collision operator 
with angular cutoff and the linearized Landau collision operator the conjecture is 
proved as discussed before. And Theorem 11.11 proves that the condition 7 + a > 
is sufficient for the existence of a spectral gap. 

Here are now some open questions linked with this conjecture: 

(1) In order to show that the condition is necessary, is it possible to find some 
particular sequence of functions gn contradicting the spectral gap estimate 
when 7 + a < 0? 
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(2) A related and more difficult question is to identify and understand the coer- 
civity norm for the non-cutoff linearized Boltzmann collision operator. This 
norm is likely to be intricate and anisotropic for the weight on the fractional 
derivative part (as for the linearized Landau collision operator). This point 
is related to the open question of constructing smooth perturbative solutions 
near equilibrium for the Boltzmann equation without angular cutoff (see the 
discussion in [45j). 

(3) The spectrum is purely discrete in the case 7 + q;>0, a>0 (and we 
conjecture that this is also true on the non-cutoff borderline case 7 + a > 0, 
a = 0). In the angular cutoff case the geometry of the spectrum can be 
obtained by perturbation arguments (Cf. |221E1IH|)- Hence there remains 
the region 7 + a < for which there is no information on the geometry of the 
spectrum at now (including the linearized Landau collision operator when 
a = 2 and 7 < -2). 

Finally we shall put in perspective this conjecture with the non-linear case. A 
non-linear analogous of a spectral gap is provided by Cercignani's conjecture: 



is the relative entropy between / and its associated Maxwellian equilibrium distri- 
bution, and 



denotes the entropy production functional (for more details we refer to ISH])- It was 
shown in that an equivalent version of this conjecture is true for the Landau 
collision operator when 7 > 0, and it was shown in [JE] that this conjecture for the 
Boltzmann collision operator for B{v — v^, cos9) > Kb (1 + |f — with 7 > 2. 
From this two limit cases Villani "interpolated" the following conjecture: 

Conjecture (Villani ISH])- Cercignani's conjecture is satisfied if and only if 
7 + a > 2. 

(The other part of the conjecture on the question of the existence of a spectral 
gap for the linearized collision operator was not correct -as shown by Theorem ll.il -. 
which is likely to be explained by the confusion in the field about Pao's results). 
Obviously this conjecture leaves more room than the one we made on the spectral 
gap, since it is not stated in which functional space the distribution / lives, but from 
the results in [SE] and it is reasonable to try to prove that Villani's conjecture 
holds in spaces of nonnegative functions in L^{1 + |f |'^) fl H'' for any q,k > 0. 



VsU)>CfHU\Mf) 



where 



H{f\Mf) = H{f) - H{Mf) := [ f log dv 

Jrn Mf 




Qsif, f) log fdv (>0) 
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Still an interesting question is to know whether Cercignani's conjecture could still 
be true for 7 + a < 2 in some functional space with "stretched exponential decay" 
(see the discussions in [ini ESj)- This is important since the condition 7 + a > 2 
rules out all physical interactions. 

Another important question, if Villani's and our conjectures hold, would be to 
understand the reasons for this "gap" between the non-linear and linearized behavior 
of the entropy production for the Boltzmann equation. 



1.9. Methods of the proof and plan of the paper. Section |21 is devoted to 
a technical estimate of decay on the kernel of the non-local part of the linearized 
Boltzmann collision operator, under the angular cutoff assumption. We show that its 
mixing effects can be quantified into a gain of polynomial weights (this phenomenon 
was noticed in [22] and is here fully developed). This estimate has been isolated from 
the rest of the proof since it is the key step, and also since it can be of independent 
interest for researchers in the field. 

Section El is devoted to the (constructive) proof of the coercivity estimate for the 
linearized Boltzmann collision operator when e > (first point in Theorem I l.lj) . The 
idea is to estimate from below the Dirichlet form by truncating the angular part b of 
the collision kernel on the angles 6^ G [0, ^o(|w — '?^*|)] with 9o{\v — v^\) ~ |f — f^l'^^for 
some suitable k > 0, and then balance the lower bound on the local part (in which 
the polynomial weight results from a competing effect between the fact the lower 
bound on b is big in this region, and the fact that the size of this angular region is 
small), and the upper bound on the non-local part, for which the previous technical 
estimate plays a crucial role. The constructive coercivity estimates from |H] are 
also used. 

Section HI is devoted to the (non-constructive) proof of the coercivity estimate 
for the linearized Boltzmann collision operator when e = (second point in The- 
orem II. The idea is to reduce to a cutoff-like linearized Boltzmann collision 
operator with a different collision kernel, and then apply a strategy based on Weyl's 
Theorem about compact perturbation of essential spectrum, in the spirit of [221 UH] • 

Finally Sectional is devoted to the (constructive) proof of the coercivity estimate 
for the linearized Landau collision operator f Theorem II. 2|) . The idea is to combine 
the estimates in on the different parts of the decomposition of the operator 
as "diffusive part + bounded part" (which involves the optimal coercivity norms), 
with the constructive coercivity estimates of 01] obtained on the global operator, 
but with non-optimal coercivity norms. 
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2. A TECHNICAL ESTIMATE ON Lg 

Wc assume in this section that the colhsion kernel B takes the particular form 
(sometimes named "variable hard spheres collision kernels") 

Bq{\v — 'y*|,cos6') = It; - t;*]^, q e {—N, +00). 

These collision kernels are non-physical except in the case q = 1 (hard spheres) 
but they shall play an important role in intermediate steps of our proof in the next 
sections. They satisfy the angular cutoff assumption, that is Bg is locally integrable 
in terms of v, v^, a. It is well-known that under this assumption the collision operator 
can be split into "gain" and "loss" parts. 

Therefore one can decompose the linearized collision operator Lq corresponding 
to Bq as follows 

with the non-local part 

Ksg / \gW) ^^l\v':) + ^«) ^^'\v')- 

g{y^) Ai^^^(t') ^j}^'^{v^) Bq{\v - v^\) dv^ da 
and the following multiplicative function for the local part 

Mv)-= I ^l{v)Bq{\v-v,\)dv,d(J=\^'''^\{\■\''*^J){v). 

The non-local part Kq itself splits into a pure convolution part 

\^''-'\[\■\'^*{^^"'g)\{v)^^l\v) 

and a "gain" part (denoted so since it flows from the gain part of the original non- 
linear operator) 

K9--= I W) ^^/\v:) +g{v:)^^'\v')\^,"\v,)Bq{\v-v.\)dv,da. 

Note that using the change of variable a — > —a, the latter writes also 
K^g := 2 / g{v') //V'«) ij}'\v,) Bq{\v - v,\) dv, da. 

We shall focus on the kernel of the Kq part. For any locally integrable coUision 
kernel B we can deflne ks — kB{v,v') such that 

V^; e M^, K+g{v) = I g{v') ksiv, v') dv' 
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and we denote by kg := kB the kernel obtained for the particular collision kernel Bg 
above. Note that this definition is independent of the representation we use for the 
collision operator, either using the "cr" or "a;" parametrization of the unit vector on 
the sphere. 

Then we have the 

Proposition 2.1. The kernel kg is symmetric: 

yV,V'eR^, kg{V,V') = kg{v',V), 

and for q > —1 and for any s eM. it satisfies the control 

Vt;eM^, [ kg{v,v'){l + \v'\ydv'<Cg^s{l + \v\y^'~^^-^^ 

for some explicit constant Cg^s depending only on q,s. 

Let us first compute the kernel kg using well-known changes of variable (see for 
instance 



Lemma 2.2. We have, for q > —1, the explicit formula (let us recall that u 
{v' -v)/\v' -v\).■ 
, , 2^ f \v'-v\'^ \v' - V + 2(v ■ uj)uj\ 
" ^ = \v'-v\i2n)-/^ 1 8 8 

x( f \v'-v + exp . , . 



.2 

Proof of Lemma \2. M We start from the cu-representation of 



I :=2 [ g{v'){n,fi',Y/^Bgdv,da 



= 2^-1 / g{v'){fi,ii'J'/^\v-v,\^ sm""-^ (0/2) dv^duj 

Then we perform the change variable v^, ^ V = — v (with lo fixed), and the 
change of variable V = r uj \ z with z G uj^ (with uj fixed). These two changes of 
variables have jacobian equal to 1. We obtain 

1 = 2^-1 / (7(t; + r^)|r|^-2 f / [^^^^^fl'i\r^j^^\^-^^-'i)d^drd^. 
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Finally we make the spherical change of variable (r, a;) G M x E>^~^ —>■ W = ru & 
with jacobian 2r-(^-i) (a factor 2 comes from the fact that r G M), which yields 



VI/ J 



Let us rewrite the argument of the exponential term: 

\v,\^ + \v'f = \v + W + z\^ + \v + = ^\W + 2{v + z)\^ + ^\W\^ 

= ^\W + 2{v ■ uj)uj\^ + 2\z + {v-{v uj)uj) |2 + 

where u = W/\W\ (in the last equality we have used that z ± W). We deduce that 
( /M/2_ 1 / \W\^ \z+{v~{vu;)u;)\^ \W + 2{v u;)u\ 



(27r)^/2 ^ ^ \ 8 2 8 

We deduce the formula. One checks that the integral on z is well-defined for g > — 1 
since in this case q — {N — 2) > — (A^ ~ !)• D 

Proof of Proposition \2.1\ The fact that kg is symmetric is easily checked from the 
formula. Let us turn to the bound from above. 

First let us assume that q — {N — 2) > 0. We estimate the integral over z G uj-^ 
in terms of v. 

\v'-v + .|-(^-) exp + ^ 



I ^|2 



\v' -v + z-{v-{v 00)00) exp |-^| 

<C{l + \v-{v (1 + \v' - 

< C (1 + (1 + \v' - 

We deduce that 

kg{v,v') {l + \v'\)'dv' 

<C(l + |t;|)^-(^-2) [ \v' -v\-^{l + \v'\)'{l + \v' -v\)'^~^''-^^ 

f \v' — v\^ \v' — V + 2(v ■ 00)001"^ ] 
exp < > dv 



and we use the elementary inequality 

{l + \v'\)' <C{l + \v\)'{l + \v' -v\ 
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to get 



/ kg(v, v') (1 + 1^;'!)^ dv' < C (1 + J 



with 

\s\+q-{N-2) 



J:= / \v' - v\-^ {1 + \v' - v\ 

\v' — v\'^ \v' — V + 2{v ■ U!)U!\ 



exp 



dv'. 



Now in the term J we perform the change of variable v' ^ u — v' — v and then the 

spherical change of variables u = ru^r E M+, uo G choosing as the north pole 

vector in the angle parametrization (note that this is not the same parametrization 
as the one used to define the deviation angle). It yields 

Jo Jo 
Then for technical reasons we treat separately the case N = 2 and > 3. 
First for iV > 3, we have sm^~'^ Lf < sirup, and thus 

J<C r"r^-^(l+r)H+^-(^-^)e-^ f e"'^^^^ sin(^d(^dr. 
Jo Jo 

Then we do the change of variable y = {r + 2\v\ cos 93) in the (p integral, to get 
r+00 2 r+00 2 

J<C\v\-' / r^-^(l+r)N+^-(^-^)e-Vdr / e'"^ dy < C \v\-' 

Jo J -00 

which yields the conclusion for large v (the estimate for small v is immediate). 
Second for = 2, we perform the same changes of variable which yields 



J<C\v\-^ / (l + r)l^l+«-Me-V 
Jo 



{r+2\v\) o 



J{r-2\v\ 



<C (i + r)N+<?-(^-2)e-V / e-V (4 - - r)^)-'/' dr. 

i(r--2|i;|) 

Finally we split into two parts: |y — r| < \v\ and |y — r| > l^;]. On the first part we 
have (4 1^;^ — (y — r)^)~^^^ < \v\~^ which yields the result. On the second part we 
have either r > \v\/2 or \y\ > \v\/2 which gives an exponential decay in v thanks to 
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the terms e « and e « in the integrand. This concludes the proof in dimension 
N ^2. 

Now let us come back to the case q — {N — 2) < 0. Then we have 
K-. + .r(^-^)exp{-'" + ^"-^"-^^^^''} dz 

\v' -v + z-{v-{v uP) exp |-^} dz 

<C(l + \v- (t' • Lo)Lo\y-^''-'^ (1 + It;' - 

The additional difficulty will be therefore to obtain decay in v since the weight in 
this formula only involves the projection of v on a;"*". 
Let us follow the computations as before: we have 

/ kg{v,v'){i + \v'\ydv' 

C I \v'- v\-^ (1 + \v'\y {l + \v-{v (1 + \v' - t;|)l«-MI 

f \v' — v^^ \v' — V -\- 2iv ■ uj)^^^ \ ,, 
xexpj ^dv. 

We use again the inequality 

{i + \v'\y<c{i + \v\y{i + \v'-v\f\ 



< 



to get 



with 



/ kq{v, v') (1 + \v'\y dv' < c (1 + \v\y J' 



J' := / \V' - V\-' (1 + \V' - + (1 + _ . uj)uj\) 



q-{N-2) 



f b'-uP \v' - V + 2(v ■ u;)u;\'^} 
exp I jdv. 

Again we perform the change of variable v' u — v' — v and then the spherical 
change of variables u — ru;, r E R+, u; e S^~^, choosing v as the north pole vector 
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in the angle parametrization. It yields 



J' = |§^-2| / (1 + ^)N + k-(^-2)| g-V 

:i + \v\ siny)^-(^-^)e- ^^"""^"'' sin^-^^ci^cir. 







Then we split between | cos (p I < I/V2 and I cosLp\ > In the first case we 

have sin (p > 1/ \pl and thus 

(1 + \v\ sin<^)''-(^-2) < C (1 + 

and the end of the proof is strictly similar to above. In the second case, we have 

(r + 2|f I costy?)^ |fp 

8 - 12" ^ 16 

which implies exponential decay in v for J'. □ 

3. Proof of Theorem 11.11 for e > 

Let us first consider a (non locally integrable) collision kernel of the form (in 
cr-represent at ion) 

S^,a(|^^-^^*|,cos^) = \v-v,\^ sin-(^~i)-"(0/2) 

with 7 G (-iV, +00) and a G [0, 2). 

The Dirichlet form of the corresponding linearized collision operator Ljg is 



9{v') \ , / g{v'J \ f g{v) \ f g{v^) 



2 



^l{v'yly Kt^iviY^y \f^{vy/y \Kv*y/\ 

X \v — v^\"' sin~^^""^^""(^/2) ^{v) dvdv^. da. 



We want to prove the 
Proposition 3.1. For any e > 0, there is an explicit constant C^,a,e > such that 

D,A9)>C,,a,e [ [g-Pg]Hl + \v\r+''-'dv. 

Proof of Proposition fOl For any (3 G (0, (A^ — 1) + a), we introduce the following 
angular truncation domain (which depends on |i; — 

Cp = {ae §^-1 ; sin-(^-i)-"(^^/2) > \v - v.f} . 
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One checks easily that Cp is invariant under the pre-post colhsional change of vari- 
ables and the change of variable (f,f^,,(T) — >• {v^,v,—a) (for the different classical 
changes of variable we refer to [^21 Chapter 1, Section 4]). 
Hence we have 



DyAg) > I / 

^ Jm 



giv) 



ij{v'y/y \i2{v',y/y \fi{vy/^ 
gW) \ ( giK) \ , f g{v) \ , / g{v. 



+ 



+ 



^Ji{v'Y/^) \fi{v',y/y KK^y^y \Kv*y/^ 

X \v — v^l'^'^'^ fi{v) fi{v^:) dv dv^ da 

\v — v^:\'^^^ jj,(v^) dvdv^ da 



g{v*) 
i2{vy/^ 



> 



+ / g g^\v — v^^l^'^'^ fi^^'^{v)fi^^'^{v^) dvdv^da 

'R^xM^ xCi3 



gg 



gg. 



' \v - fi'/\v,)fi'/\v:) dv dv, da 

i\v-v,\^+^ fi'^\v,)i2^/^iv',)dvdv, da 



=: Di + ^2 + ^3 + Da- 



In the following we shall bound Di from below, and 02,0^, from above. 
For Di we have 



An easy computation yields 



g'^ \v - v^l'^^'^ fi{v^) \ I da \ dvdv^. 



da = C sin^'^ede 

a£Cp Jo 



with a = 2arcsin {\v - > C \v - and thus 



/ 

da>C 9^-^de = Ca^-^>C\v-v,\~W^^. 

a&Cfj Jo 
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Hence we deduce 



Di>C g 



>C I g'' {l + \v\y^TN^^ dv. 



Pa 



This completes the estimate for the first term Di. 
Let us consider the second term D2. 

D2 = g g*\v - v^y^'^ iji^^'^{v)ij^^'^{v^)dvdv^, 



< 



9 



<C / g'{l + \v\ydv]. 



Let us consider the terms and D^^. We remove the truncation Cp by bounding 
from above by the colhsion kernel without truncation, and we have 

l^sl + |A| < / \g{v)\\g{v')\k^+p{v,v')dvdv' 

(once the truncation is removed, the kernel is invariant under the change of variable 
— ^ (f,^*, —a) which allows to reduce to the same term). 
Hence we can write 



\D.\ + \DA <C 



/(l + I^Di+z^-CA'-i) dv 



1/2 



X 



:i + \v\ 



-(7+/3-(7V-l)) 



X 



RJV 



< c 

(l + |^|)-(7+/3-(^-l)) 



k^+l3{v,v') \g{v') \ dv' ) dv 
1/2 



1/2 



/(l + |^|)7+/3-{A^-l) dv 



k^+f^{v,v') dv' ^ ( I k^^p{v,v") g{v"y dv" ^ dv 
Then we want to use Proposition 12 . II to get 

(3.1) (1 + |t;|)-(^+/5-(^-l)) ( [ k^+piv,v')dv' ) < C. 



1/2 
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It is possible as soon as 7 + /5 > — 1, z.e., /5 > —7 — 1. Since 7 > —N it is enough 
that P > {N — 1). Since a > by assumption, it is always possible to pick P such 
that 

{N -1) < f3 <{N -l) + a. 

For this choice of /?, one can apply Proposition 12. II to get ()3.1|) . 
Thus 



\D.\ + \DA <C 



/(l + I^Di+z^-CA'-i) dv 



1/2 



k^+p{v,v")g{v"ydv" dv 



1/2 



< C 



/(l + |^|)7+/3-{JV-l) dv 



1/2 



k^+p{v,v")dv ] g{v"Ydv" 



1/2 



Using again Proposition 12. II we have 



which yields finally 

l^3| + 



DA <C 



9 



2(l+|^|)7+/3-(iV-l)^^ _ 



But the choice (3 G ((A^ ~ 1)? — 1) + a) implies straightforwardly 

Pa 



7<7 + /3-(A^-l)<7 + 



(iv- 1) + «■ 



Hence by trivial interpolation we get for any 5 > there is an explicit constant 
> such that 



/3a 



\D^\ + \D^\ <C5 [ g'{l + \v\ydv]+6 [ g' {I + \v\f-'W^ dv ] . 

Then by taking 6 smaller than the constant in the bound from below for Di we 
deduce that 



DyA9)>C+{l g'il + WTN^dv] -K^ { I g'il + \v\rdv 
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To conclude the proof we finally use the coercivity estimates in [33] . In this paper 
it is proved that (under our assumption on the collision kernel) 

D.Aa) >Co( [ [g- Pg]' (i + \v\rdv) 

for some explicit constant Cq > 0. 

By combining these two last inequalities, one deduces that 

D,,M >Ci( [ [g-Pg]\l + \v\y+wS?fT^ dv 

for some explicit constant Ci > (depending on Since /3 can be taken as close 
as wanted to (A^ — 1) + a, the weight exponent 7 + (3a /{{N — 1) + a) can be taken 
as close as wanted to 7 + a. This concludes the proof. □ 

Proof of the first point in Theorem ] 1. 11 To conclude the proof of the first point in 
Theorem ll.il it is enough to remark that the proof of Proposition l3. ll can be modified 
easily in order to start from a collision kernel B such that 

B > K Bj^a lee[o,6»o] 

for some constants K > 0, Oq & (0, vr] and 

B^,a{\v -v,\,cose) = \v -v,\'' sm'^"^'^'^-''{e/2), 7G(-A^,+oo), a e [0,2), 

defined as in the beginning of this section. The assumptions of Theorem 11.11 imply 
such a control. 

Indeed one first reduces to the collision kernel KB^ a l6»e[o,0o] by monotonicity of 
the Dirichlet form. Then the bound from above on D2, -D3, -D4 are unchanged, and 
the bound from below on Di is still valid since one gets straightforwardly 

f ( P(N-i) ^ 

/ lee[o,eo] da > min Wi\v-v,\ ■ C2 \ 



for some constants 6*1,6*2 > 0. Finally the coercivity estimates of 03] used in the 
proof are also still valid for a collision kernel K B^^a 16»g[o,6»o]- D 

4. Proof of Theorem 11.11 for e = 

We start again from some collision kernel which satisfies 

B > K B^^a leG[0,6»o] 

for some constants K > 0, 60 & {0,7[] and 

B^,a{\v-v,\,cose) = \v-v,\'' sm-^^-'^'^-''{9/2), -fe{-N, +00), a e [0,2). 
We shall prove the 
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Proposition 4.1. There is some constant Cba > (obtained in our proof by com- 
pactness argument) such that 

Db{9)>Cb,, I [g-Vg]\l + \v\r+^dv. 

The second point in Tlieorem II. II follows immediately from Proposition 14.11 

Proof of Proposition \4 1\ We introduce the following angular truncation domain 
(which depends on |f — 

C= {aG \v-v'\ < l} . 

One checks easily that C is invariant under the pre-post coUisional change of variables 
and the change of variable {v,v^,a) — >• a). Remark that this truncation 

domain C corresponds to the limit case (3 = {N — 1) + a in the truncation domain 
previously introduced. 
Hence we have 



K 



9{K) 



1 2 



K 



9iK) 



+ 



9[v) 



9[v* 



9[v) 



X \v - le6[o,6»o] fJ'{v) dvdv^ da 



fi{vy/^ 
K{Lg,g) 



with a fictions self-adjoint operator L on defined by 



L9{v) 



jjiVxSiv-i 



9[v' 



ij{v'y/\ 

If — v.. 



9[v, 



+ 



9[V) 



/i(f)i/s 



+ 



9[v* 



i^iv.y/' 



|7+a+(iV-l) 1^^^^^^^^ ^1/2^^) 

Using the same decomposition as in Section El this operator can be split as 
where the multiplicative function v is 

which satisfies by similar computations as above 

z>(f) > C(l + |f|)^+", C>0. 
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Then we shall show that the remaining terms satisfies some compactness property. 

Let us assume first for the sake of clarity that 7 + a = 0. Then the multipli- 
cation function z/ is bounded from below by a positive constant z>o > 0, and it is 
straightforward that K'^ is a Hilbert-Schmidt operator (we leave these computations 
to the reader). Let us show that the part can be written as a limit of Hilbert- 
Schmidt operators (hence showing that it is compact in LF'). The kernel of is 
by inspection 

k := k(N-i){v, v') '^\v-v'\<i l6»e[o,6»o] 

2^ r Iv'-vl"^ \v' - V + 2(v uj)uj\ 

— exp 



\v' - v\ (27r)3/2 



III' ,1 I k + - ■ ^)^) P I > \ -1 



(where fcg, q G (— A^, 1] was the kernel computed in Section IS]). We approximate this 
kernel (and correspondingly the operator K'^) as follows: 



with 



/l — /Cg. ~|~ 



I U — Tj' I 

and 

kl = k — kl- 

By similar straightforward computations as in the proof of Proposition 12.11 we get 
that fcg is symmetric in f , v' and 

sup / I A;^ I dv' 



and therefore Kf''^ in as e ^ 0. Hence it is enough to show that 

K^''^ is compact. But the kernel fc^ satisfies (using the same representation as in 
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Proposition 12.11) 




Therefore K^''^ is a Hilbert-Schmidt operator and the result is proved. By applying 
Weyl's theorem (exactly as in [32, 19 ), we deduce that L and z> have the same 
essential spectrum, which is included in [z>o,+oo), and therefore, since L > 0, that 
is an isolated eigenvalue, which concludes the proof. 

When 7 + a is different from 0, one considers (in the spirit of [211) the following 
symmetric weighted modification of L: 

L = (1 + I . L ((1 + I ■ . ) 

and the corresponding splitting L = u — + K^. Then z> is strictly positive 
uniformly (and bounded from above) and it is straightforward again that K'^ is a 
Hilbert-Schmidt operator. Let us focus on the term K'^ . Its kernel is 

(1 + |t;|)-(^+°)/2^^^^^(^_i)(t;,t;') (1 + |t;'|)-(^+")/2 i.^^^.^j 

and similar computations as above show again that can be written as a limit 
of Hilbert-Schmidt operators (remark that thanks to the truncation |f — f'| < 1, 
weights on v and v' can be interchanged up to a constant). 

We then conclude by applying Weyl's Theorem to L (as in [221 )• We deduce thus 
that is an isolated eigenvalue of L > 0, and therefore we obtain the existence of 
the inequality in Proposition 14.11 □ 

5. Proof of Theorem 11.21 

In it was shown via compactness arguments that there is a constant C;J > 
such that 

(5.1) {L''g,g)>Cl^\\[g-^g]f^. 
where || ■ is the following anisotropic norm: 

:= / ((1 + \v\V |n.V.^?f + (1 + \v\r+' I [Id - HJ V.^?f + (1 + W'-'g') dv 
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V 
If I 



In particular this lower bound implies a spectral gap for the linearized Landau 
collision operator as soon as 7 > —2. 

On the other hand, in the first author derived the following explicit coercivity 
estimate: 

(5.2) {LV^'h],[fi'/'h])>C'^ / (l + |f|^r/^(|V./i|2 + /i2)/i(f)rft; = C^2||/^||^.(^). 



This holds for all h = h — Ph, where P is the orthogonal projection in L'^{fi) given 
by 

Ph = a + b ■ V + c|f 1^ 

with a, c e M and b E M^. This estimate originates from the alternate (but equiva- 
lent) linearization 

f = f,{l + h). 

Proof of Theorem M.^ Letting h = fi~^^'^g, we first translate the estimate of 
into a coercivity estimate for g: the r.h.s. of ()5.2j) is given by 



+ g"^] dv 



= IJ^ + {l^^af + \\v\' \g\' + {v ■ V.g) g + 

We focus our attention on the term without a definite sign: 

(1 + \v\y^\v ■ V,g)gdv = \ ! (1 + \v\yi^v ■ V,{g^) dv 



dv. 



-I [ V-{v{l + \v\Y')9'dv. 



Now we look at the derivative of the polynomial 

v-{v{i + \v\'r/^) = {i + \v\'r/'- 

Further notice that 



7 


V 


2 


1 + 1 


V 


2 



N + 



7 


V 


2 


1 + 1 


V 


2 



< A^+ |7|. 



COERCIVITY ESTIMATES FOR NON-CUTOFF BOLTZMANN OPERATORS 25 

Plug in these last few computations to obtain 

dv 



\f^-'^'9\\m^i,) >\[ ((1 + Ivl'y |V.,r + (1 + \v\')'-^ 9' 



i(iV+|7|) / {l + \v\^f2g^dv. 



On the other hand 



\\f^-'^'9\\H^M> [ {l + \v\'y9'dv. 
Jrn 

Combining the two last inequalities we thus conclude 



1^ ^^^9\\m(p) > C 



:i + H'y \V.g\' + {l + \v\y-^g' 



dv. 



Combine this with ()5.2p to obtain an explicitly computable constant C > such 
that for any g = g — Pg, we have 

(5.3) {L''g,g)>C [ ((l + \v\')i \V ,gf + {1 + M')"^ g') dv. 

While the power is the same as in ()5.1|) for the term with no derivative, the derivative 
term still has a better power in ()5.1|) . 
Guo [SlI computes that 

l,L^g,g) = \\g\l-(,d,a'g,g)-l,Kg,g). 

Here we will not give precise definitions of (9jO"* and we will only use an estimate 
with explicitly computable constants for these terms to get an explicit lower bound 
in the a norm. 

The j34[ Lemma 5] implies that for any m > 1, there is an (explicit) < Cim) < 
oo such that 



L2 



\{dia'g,g)\ + \{Kgi,g2)\ < — \\g\\l + C{m) ||l{|.|<c(m)}^"^ 
We deduce 

I {d.a'g, g)\ + \ {Kg,, g,)\<^\\g\\l + C\m) {L^g, g) 

for another explicit constant C'{m) > thanks to ()5.3|) . Taking for instance m = 2 
we deduce 

11^711^ = {L'^g, g) + {d.a'g, g) + {Kg, g)<{l + C\2)) {L^g, g) + ^ \\g\\l , 
which concludes the proof. □ 
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